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Abstract 
In the past dimensional analysis was applied mostly to experimental research. Now, application of the analysis to model 
equations has become more important. Equations reformulated with the use of dimensional analysis are usually more clear and 
easier to handle computationally. 
First, the article demonstrates the principles of dimensional analysis on the problem of the second moment of area for a 
rectangle. The transformation of equations to unit-independent form is discussed on the example of concrete constitutive 
equations. The equation that relates tensile and compressive strength of concrete is also analysed. Analysis of the equation 
obtained from experiments is demonstrated on the example of anchors. 
Limitations of possibilities to formulate equations in units independent form are shown on the example of fracture. 
© 2015 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of organizing committee of the 7th Scientific-Technical Conference Material 
Problems in Civil Engineering. 
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1. Introduction 
Dimensional analysis is a standard method used in physics. The main assumption of dimensional analysis is that 
any equation representing a universal law has to be independent of unit system. This simple rule frequently make it 
possible to develop the form of an equation. 
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Dimensional analysis is rarely applied in civil engineering despite the fact that very complex dependencies often 
needs to be modelled. They comes from the description of new materials but also from new, more advanced 
models of traditional materials. 
 
A complex model usually depends on a high number of variables and material parameters. With growing 
number of parameters and dependencies it is difficult to establish which properties are dependent on which 
parameters. Dimensional analysis can help to select appropriate groups of parameters. What is more important, 
equations of the model expressed by these groups can clearly show the model dependencies and thus make it easy 
to understand. 
 
In the past the possibility of solving complex technical problems analytically was limited and experimental 
models were frequently used. For such purposes dimensional analysis was widely used. 
In computer era of today numerical models have become more and more frequently explored and it may seems 
that dimensional analysis is has decreased in value. However, in a numerical model, inside the computer program 
all quantities are just numbers without dimensions. Numerical models, where equations strongly depend on units, 
require numerous units conversions – which is permanent source of errors – and the computer code is difficult to 
write and maintain. Equations transformed into a more reliable form with the use of dimensional analysis 
principles do not need unit conversion, which can save hours of debugging and can make the code working. 
2. Dimensional analysis 
Dimensional analysis is usually introduced in standard course books for physics e.g. Orear [1]. There are also 
separate books devoted entirely to this topic; they are either very old, e.g. Szücs [2], moderately new, e.g. Sedov 
[3], or quite recent, e.g. Tan [4]. 
2.1. Principles 
This paper is not intended to be an introduction to dimensional analysis, although - for the sake of clarity.- 
certain simplified principles have to be briefly presented. 
 
Let us consider the dependence of some physical quantity V  on some variables or parameters  α , 1x , 
2x ,…, nx  in the form:  
 nx,,x,xαf=V ...21   (1) 
If Eq. (1) is to represent a universal law, it has to be independent of unit system. i.e. Eq. (1) satisfied for V , α , 
1x , 2x ,…, nx expressed in one system of units should be satisfied for V , α , 1x , 2x ,…, nx  expressed in any other 
(consistent) system of units.  
 
The well-known consequence is that the dimension of the left hand side of (1) has to be equal to the dimension 
of the right hand side. A less known consequence of this rule is that arguments of typical (non elementary) 
mathematical functions have to be dimensionless. In the case of  xsin ,  xexp ,  xlog , x , etc., argument x  has 
to be dimensionless, otherwise the use of scaled units would lead to unpredictable results.  
 
It should be noted that dimensional consistency is usually a side-effect of the problem solving process. In beam 
buckling, according to Euler’s theory of critical load, the deflection function is assumed to be    kxA=xw sin  
disregarding dimensions, but the final result is dimensionally correct:  lxnAxw Ssin)(  . 
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2.2. Similarity criterion 
In Eq. (1) α  is either a dimensional quantity representing some fundamental physical constants – like gravity 
constant g , or some material constant like Young modulus E , – or a dimensionless number. The former can 
always can be reduced to the to the latter if we regard the dimensional constant as the another variable 1nx . 
 
The latter case leads to interpretation of α  as a characteristic number or similarity criterion:  
 
V
x,,x,xf
=α n....21   (2) 
Fluid mechanics particularly abounds in characteristic numbers, such as Reynolds number Re, Prandtl number 
Pr or Mach number Ma. This is the result of difficulties in solving PDEs for fluids and the necessity to use 
experimental techniques. This frequently requires carrying out experiments in a smaller scale than the natural 
object.  
 
Let us present the Reynolds number for fluid flow through a pipe, Sedov [3]: 
μ
aρu=Re   (3) 
where u  is the mean velocity of the fluid, a  the radius of the pipe, ρ  the fluid density and μ  the fluid 
viscosity. To preserve Re  during an experiment in half scale ( a /2), it is necessary to e.g. use a fluid of double 
density or half of its original viscosity.  
2.3. Moment of area 
Let us consider a minimal – almost trivial – example to demonstrate the application and power of dimensional 
analysis. This example may be interesting for civil engineers.  
 
Let us find the second moment of area for a rectangle of width b and height h with respect to the axis parallel to 
the bottom edge and crossing the gravity center of the rectangle.  
 
The dimension of the second moment of area is > @ 4m=J , so - assuming that the sought J  is dependent only on 
a and b and some unknown dimensionless number D  - it can be written as:  
ββ hbα=J  4   (4) 
where α  and β  have to be found. 
 
First it is necessary to determine β . The second moment of area is additive therefore it should be equal to a 
sum of two rectangles hb u)2/( : 
β
β
hbα=J ¹¸
·
©¨
§ 4
2
2   (5) 
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The comparison of (4) with (5) leads to relation 1
2
12 =
β
¹¸
·
©¨
§ and therefore 1=β . Finally the moment of area of 
rectangle is: 
3hbα=J    (6) 
but the value of α is unknown. In most cases dimensional analysis cannot determine the value of α, it has to be 
found experimentally, although in some cases it is possible to find it by reasoning.  
 
To find α , let us consider the same rectangle but divided horizontally – i.e. as a sum of two rectangles 2/hbu . 
With the use of the parallel axis (Steiner) theorem the following expression is obtained: 
¹¸
·
©¨
§¹¸
·
©¨
§¹¸
·
©¨
§
16
1
4
1
42
2
2
2 3
23
+αhb=hhb+hbα=J  (7) 
The comparison of (6) with (7) leads to the conclusion that the last term in brackets in (7) has to be equal to α  
and therefore 12/1=α . 
3. Stress-strain function for concrete 
In this section the strain is considered and the units of strain have to be shortly discussed. By its definition strain 
is dimensionless, yet in its practical range it is inconvenient to use it as such. Therefore it is frequently expressed in 
percents or permiles. It is also worth mentioning μ strain which was popular in biomechanics some time ago. Strain 
is used in practice with dimension. 
 
This may seems to be artificial but the measure of an angle is non dimensional as it is the ratio of the circular 
arc length to the radius of the circle. Despite this fact – for convenience – the unit radian is used. 
3.1. Parabola-rectangle 
Let us review various formulae for the most standard parabola-rectangle function  εσ  used for concrete. It is 
restricted to parabolic part only. The strength of concrete in compression denoted  as cf ,  is attained at strain 
%2.0 lH , compression is positive. 
 
Alfano et al. [5], use the following formula: 
  2εβ+εα=εσ    (8) 
Rosati et al., [6] use a similar equation: 
   22501000 εεf=εσ c    (9) 
While Bonet et al. [7] adopt the formula: 
  »»¼
º
««¬
ª
¸¸¹
·
¨¨©
§ 
2
11
l
c ε
εf=εσ   (10) 
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Another form of equation is quite commonly used – e.g. in Sfakianakis [8], Dundar et al. [9] provides further 
references: 
 
  »»¼
º
««¬
ª
¸¸¹
·
¨¨©
§
2
2
ll
c ε
ε
ε
εf=εσ   (11) 
From the viewpoint of dimensional analysis, in (8) all dimensions are included in constant α and E , while in 
(9) we are faced with a mixture of numbers and dimensions. 
 
Eqs. (10) and (11) use the ratio of lεε /  and therefore any units for strain can be used, the units of stress are the 
same as the units of cf . 
3.2. Rational function 
Zupan and Saje [10] considered a more general function  εσ  for concrete in the form of rational–linear 
equation. The linear part spans from no tension strain at mH  to maximum tensile stress tf attained at rH . The 
rational part spans a part of the tensile range from rH  to the maximum compressive strain uH , with maximum 
stress at lH .Here tension is positive. 
 
_ _
 °°¯
°°®
­


mrm
mr
t
ru
l
lc
ε<ε<εεεεε
f
ε<ε<εε+ε
εεf
=εσ
222
  (12) 
Considering only the first (rational) part of Eq. (12) the division of the numerator and the denominator by 
2
lε leads to: 
  _ _ 2
1
2
¸¸¹
·
¨¨©
§

l
l
l
l
c
ε
ε+
ε
ε
ε
ε
f=εσ
  (13) 
Term ll ε/H in fact sets the sign of stress according to the adopted sign convention, convenient in practice but 
not important here. The last term shows that stress is dependent on the lεε /  ratio, i.e. relative strains to some 
reference value and thus is obviously independent of units. The range of applicability can also be written in a 
consistent way:  
l
r
ll
u
ε
ε
<ε
ε<ε
ε
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4. Tensile strength of concrete 
According to Euro Code 2 [11], (characteristic) tensile strength of concrete tf  is related to compressive 
strength cf  by the following equation: 
3 2
ct fC=f    (14) 
Analysis of dimensions of both sides shows that the dimension of constant C has to be > @   3/12/ mN=C . The 
meaning of constant C is here different than constant g which relates inertial mas with gravity forces or constant k 
which relates electric charge to the Coulomb’s forces. This is why Eq. (14) does not present any universal law. It 
can be supposed that constant C depends on some not yet established relation to some other material constants or 
geometrical properties (perhaps size effect  Bažant, [12] , Bažant and Yavari [13]). 
 
On the other hand, finding a universal law for a given problem is frequently too difficult in technical problems. 
In such case any useful relation is welcome, even if its use would be restricted to a very limited range. 
 
In the considered case it is possible to choose some reference concrete – with tensile strength tf and 
compressive strength cf  – i.e. the concrete to which all other concrete would be compared. For reference concrete   
Eq. (14) holds as follows: 
3 2
ct fC=f    (15) 
The ratio of tt ff /  can be found as: 
3
2
¸¸¹
·
¨¨©
§
c
c
t
t
f
f=
f
f   (16) 
Eq. (16) is insensitive to the use of units with metric prefix, any of Pa, kPa, MPa can be used as well as units 
other than the SI system e.g. psi or 2/ cmkgf . It is even possible to use compressive strengths expressed in 
different units (e.g. psi) than the tensile strengths (e.g. MPa). 
 
Now, the dimensionally consistent form of (14) is: 
3
2
¸¸¹
·
¨¨©
§
c
c
tt f
ff=f   (17) 
It is worth noting, that (17) does not present any universal law, since such would require that reference values  
tf , cf  should be constants in the problem. However in practical use it is difficult to notice this difference. 
 
It should be noted that the form of (17) is more suitable than (14) for use in industry or in legal standards. 
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5. Concrete edge failure in the case of anchors 
This section discusses the model of concrete edge failure caused by anchors. Anchors design is not the most 
common task, details of the problem can be found in e.g. Eligehausen et al. [14], CEB [15]. 
 
The analysis of the problem of concrete edge failure caused by anchors is carried out according to the model 
given by ETAG [16], as provided by version 2006, newer version formulate it in different way. The ETAG model 
is based on experimental results and this is the main reason why it is analysed here. Models based on experiments 
can be frequently found in many problems, both structural and material. 
 
The resistance force according to ETAG can be computed as:  
1.5
0.2
cf
d
ldC=V c¹¸
·
©¨
§   (18) 
where: d - outer diameter of the anchor, c  - distance from the edge, cf - compressive strength of concrete, 
while l  is related to the length of the anchor (more details: Alqedra and Ashour [17]). 
 
It should be noted that d  in (18) is a square root of the length size. Function x  is quite dangerous because 
the expression where x  is expected in cm but given in mm leads to the implicit scaling of the result by 310 | . 
Particularly in auxiliary structural elements, like joints or anchors, the implicit factor of 3 is small enough to be 
unnoticed in design but the capacity overestimated three times may lead to serious consequences. 
 
In fact, (18) presents a dependence obtained from experiments: 
1.50.50.20.3 cfldC=V c    (19) 
In equation (19) C  is the problem constant and has to be independent of problem variables, i.e. independent of 
d , l , c  and cf . The dimension of constant C  can be found as > @   2/12/ mN=C  and it is sensitive to metric 
prefixes. The dimension suggests that C  is related to some reference strength, either in compression cf  or in 
tension tf . 
Let us suppose that   2/1cfα=C  , where D  is a dimensionless number. The terms cc ff   can be rearranged 
to the form of   ccc fff 2/1/  and regarded as the correcting factor for a concrete different from the reference 
concrete. Product of  terms 0.5d  and 1.5c  can be written as   20.5/ ccd  . Finally, equation (19) can be written as: 
2
0.50.20.5
cf
f
f
d
l
c
dα=V c
c
c ¸¸¹
·
¨¨©
§¹¸
·
©¨
§¹¸
·
©¨
§   (20) 
Equation (20) is equivalent to equation (19) but its form much better shows the dependencies in the model than 
(19). 
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Force V  is dependent on some number D  which should be the same in a similar problem, perhaps in 
anchorage to rock (natural stone). Force depends on the corrected compressive strength cf  multiplied by the area 
given by 2c  as well as on the ratios: cd /  and dl / . 
 
The form of (20) is “units friendly” and any consistent system of units can be used. Moreover, in this case it 
would be quite natural to use inconsistent units, e.g. > @ mm=c   in  cd / , as diameter d  is usually given in mm, but 
> @ m=c  in 2c  to multiply it by strength in Pa. 
 
However it is not quite certain that equation (20) reflects the real dependencies in this problem. Why the 
correcting factor for strength is raised to the power of 2/1 ? It is very likely that this problem depends on tensile 
strength rather than on compressive strength. Therefore, the exponent should be 3/2  instead of 2/1 . All lengths 
and their ratios in Eq. (20) are dependent on each other, neither length nor ratio can be changed separately. 
 
Moreover dimensional analysis provides some other possibilities to express (19) in a more units-independent 
form, it can also be written as: 
2
0.50.31.5
lf
f
f
d
l
l
cα=V c
c
c ¸¸¹
·
¨¨©
§¹¸
·
©¨
§¹¸
·
©¨
§

  (21) 
dlf
f
f
d
l
l
cα=V c
c
c ¸¸¹
·
¨¨©
§¹¸
·
©¨
§¹¸
·
©¨
§
0.50.71.5
  (22) 
clf
f
f
d
l
l
cα=V c
c
c ¸¸¹
·
¨¨©
§¹¸
·
©¨
§¹¸
·
©¨
§
 0.50.30.5
  (23) 
The empirical law (19) is the result of fitting (usually least squares) the measurements. Then exponents are 
rounded to be more convenient in use. 
 
The result of dimensional analysis suggests reexamination of experimental data. One of the possible questions 
is: does the changing the exponent of cf  in (19) to 3/2  make the result of fitting much worse or is the error 
acceptable? 
 
In this case (20) – being the result of dimensional analysis applied to (19) – besides providing a formula that is 
more practical in use, could be seen as a starting point for new research. 
 
It should be pointed out that the form of (19) of model equation is natural at the stage of experimental research. 
However, the final form of model equation, destined for practical use, should be written in a dimensionally 
consistent form (20). This is particularly important in standardisation documents. 
6. Fracture 
In Linear Elastic Fracture Mechanics, the subject of consideration is a straight crack (fracture) of length 2a . For 
pure Mode I, in plane problem, the stress distribution around the crack tip in polar coordinates r , θ , with the 
origin located at the crack tip, can be written as (e.g. Ewalds and Wanhill, [18]: 
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θfπr
K=θfπr
πap=σ I
22
  (24) 
where p  is the tension applied at infinity, a is a half of the crack length and πap=KI  is Stress Intensity 
Factor (SIF). In Eq. (24) σ  represents any component of stress: xxσ , yyσ or xyτ but for each component the 
appropriate function  θf  has to be specified. 
 
Since the condition of crack growth is obtained by comparison of SIF IK with material parameter IcK  Eq. (24) 
is the form that is almost exclusively used in literature. As the consequence of this, the dimension of  SIF IK as 
well as IcK  is > @   2/ mmN=KI  , which does not seem to have any natural interpretation. 
 
Alternatively, Eq. (24) can be written in the another form: 
 θf
r
ap=σ
2
  (25) 
which makes it dependent on ratio ar / . Relative lengths may also be applied in a more general case. A general 
expression for stress distribution can be found in Karihaloo and Xiao [19], Xiao et al. [20] or Ayatollahi and Nejati 
[21], where stress is written as a series of type (only the symmetric part is shown) : 
 
   θfrs=σ nnn 12/ ¦   (26) 
The units of ns are dependent on n and – since  θf  is dimensionless – are equal to > @    212/ / mmN=s nn   
Eq.(26) can be written as: 
   θf
a
rS=σ n
n
n
12/ 
¹¸
·
©¨
§¦   (27) 
In Eq. (27) the dimensions of all nS are the same – the dimension of stress. It is also worth noting that Eq. (27) 
shows that by scaling the geometry of the entire problem by some factor, the same solution is obtained, since ratio 
ar / defines a relative measure of length. 
 
Unfortunately, this relative measure of length can only be applied to straight cracks with length of 2a . In the 
case of a crack trajectory consisting of straight segments it is difficult to find any natural length to compare it with. 
 
It is an interesting coincidence, that no theoretical difficulties are encountered in the case of straight cracks, 
where the relative length applies, while for other cracks shapes, where the relative length measure is not applicable, 
it creates quite a difficult problem to solve. 
7. Conclusions 
In the past dimensional analysis was applied mostly to experimental research. Now, analysis of equations of a 
problem has become a more important area of its application. 
 
535 Aleksander Matuszak /  Procedia Engineering  108 ( 2015 )  526 – 535 
Any equation that represents a universal law has to be independent of system of units. Any equation can be 
rewritten in the form which exposes the independence of units. Such a form of equation also shows the 
dependencies which are specific to a given problem and makes the model easier to analyse and understand. 
 
In technical problems, finding the universal law is often too difficult, but equation can still be written in the 
form that is independent of units. Difficulties with finding such a form of equation may suggest model 
incorrectness or insufficient problem knowledge and may suggest some future research directions. 
 
Equation in the form independent of units is more useful for practical purposes. Rewriting the equation into 
such a form should be the final step of research on any new material or structural model. This is particularly 
important if the model is to be included in standardisation documents. 
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